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Abstract. It is known that conservation law plays an important role in the study of nonlinear
evolution equations and namely to integrability and constants of motion. In this paper,
we construct infinitely many conservation laws for the Hirota-Maxwell-Bloch system and its
reductions with symbolic computation from the Riccati form of the Lax pair.

1. Introduction

Conservation laws appear in various areas of the applied sciences, such as quantum physics,
electromagnetism, plasma physics, physical chemistry, nonlinear optics [1-4]. For a nonlinear
equation existence of the infinitely many conservation laws has been claimed to be a definition
of the complete integrability [5, 6]. There are various methods [7] to compute conservation laws
of nonlinear partial differential equations. A prevalent approach depends on the link between
symmetries and conservation laws as stated in Noethers theorem [8-10].

In this work, we construct infinitely many conservation laws for the (1+1)-dimensional Hirota-
Maxwell-Bloch system (HMBS) and its reductions with symbolic computation from the Riccati
form of the Lax pair. The method that used in this paper was applied to several nonlinear
evolution equations in mathematical physics [11-15]. Hirota-Maxwell-Bloch system and its
reductions were studied in one and two dimensions [16-23]. Authors have found different kind
of solutions but research regarding on infinitely many conservation laws of HMBS has not been
presented in detail. Motivated by this reason we find the conservation laws for the (141)-
dimensional Hirota-Maxwell-Bloch system, the (1 4+ 1)-dimensional Schrodinger-Maxwell-Bloch
system (SMBS) and the (1 + 1)-dimensional complex modified Korteweg de Vries-Maxwell-Bloch
equations (cmKdVMB).

The paper is organized as follows. In Section 2, we present the (14-1)-dimensional HMBS
and its reductions. In Section 3, we construct infinitely many conservation laws for the (1+1)-
dimensional HMBS, SMBS, cmKdVMB. Conclusion is given in Section 4.
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2. The Hirota-Maxwell-Bloch system and its reductions
The (1+1)-dimensional Hirota-Maxwell-Bloch system reads as [17]

i + (qux + 269%q) + iB(quax + 68q*qz) — 2ip = 0, (1)
Pe — 2iwp —2ng = 0, (2)
ne +6(¢"p+p'q) = 0, (3)

where ¢, p are complex functions, 7 is real function, «, 3, §, w are real constants and § = +1. The
symbol * denotes the complex conjugate. The system of equations (1)-(3) admits the following
integrable reductions:

2.1. Case 1: a=1,6=0
The (1 + 1)-dimensional Schrodinger-Maxwell-Bloch equations result when o = 1,5 =0 [17]:

iqs + Qoo + 20]q/%q — 2ip = 0, (4)
Pe — 2iwp —2ng = 0, (5)
n:+6(¢'p+p'q) = 0. (6)

2.2. Case 2: a =0,8=1
The (1 + 1)-dimensional complex modified Korteweg de Vriese-Maxwell-Bloch equations are
obtained for the choice « = 0,5 =1 [17]:

z'qt + ’i(szx + 65|q\2qx) — Qip = O, (7)
Pe — 2iwp —2ng = 0, (8)
N +6(¢'p+p'q) = 0. 9)

2.8. Case 3: a=1,6=1,p=0,n=0
The (1 + 1)-dimensional Hirota equations are obtained for the choice a =1, =1,p=0,n=0
[17]:

iqe + (Gze + 2019°q) + 1(qaea + 66]q1*q) = 0. (10)
3. Lax pairs and conservation laws

With the Ablowitz-Kaup-Newell-Segur scheme [1], the Lax pair associated with (1)-(3) can be
derived as

v, = AU, (11)
U, = ((2a\+4B8X\)A+ B)V, (12)
where
_ ("
v = (),
A = —ido3z+ Ay,
7

B = J)\B B —B_

1+ o+)\+w 1
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with
B1 = 2iﬂ(5[q|203 + 2i,303A0x,
_ 0 ¢
Ao = (—r 0) ’
By = (iadlq]* + Bd(q*q — q*qx))o3 + Bor,
B — 0 iaqy — Baze — 280]4*q
oL iary + Braee + 2B8|q|*r 0 g

_ no-p
B*l - (-k _n> )
(1 0
o3 = 0 —1)°
and r = d¢*, k = dp*, where 6 = £1. The compatible condition of system (11)-(12) is
Ay — B, + [A; B] + (20X + 48)X%) A, = 0,

by direct calculation of above equation, we can yield the (141)-dimensional HMBS (1)-(3).

Making use of Lax pair (11)-(12), the infinetely many conservation laws for (1)-(3) could be
derived. Introducing the function I' = 15 /1 [24], we get the following Ricatti equation via Lax
pair (11)-(12):

[, = —7r+ 2T — g['2. (13)
Expanding
e .
I=> gix7¢g! (14)
j=1

in (13) and equating the same powers of A to zero, we have

7
g = —50ld’, (15)
i qx
= -3 T T ) 16
g2 2(91, . g1) (16)
{ qx 2
= -3 T T - 5 17
93 5 (92, . 1) (17)
(18)
7 q i1
k=1

where g1, g2 and g, are the functions of x and t.
From Lax pair (11)-(12), we have

‘i’;f . (20)
lfpll’t = (20&A + 46/\2)a11 + b1 + ((2@)\ -+ 45)\2)6112 + bu)F. (21)
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Taking (20)-(21) into the compability condition (Inyn )z = (Iny1 )iz, we get

[—iX + s = [(2aX 4+ 48X2)a11 + by + (20X + 4873y + b12)T ., (22)
where
aj; = —iA,
a2 = g, .
bu = XiBdlal +iadlal’ + B8(3a — 4"as) + 30
bz = N2iBqy + iagy — B(qus + 20]q|°q) — Ajwp-

Substituting (14) with (15)-(19) into (22), and collecting the coefficients of the same power of A
after multiplying both sides of (22) by A + w, we obtain the infinitely many conservation laws
for the equations (1)-(3)

Opr,.  0Jy
Pk _ YR 23
ot ox (23)
with
Loy 2
o= =507 (24)
1.
p2 = —i(gqggq + MIQ\Q); (25)
p3 = g3+ wga, (26)
(27)
Pn = Ogn+wgn-1, (n=4,5,6..) (28)
and
Ji = (Ww+in) + 2ow + 2i5wq§ +9)91 + (2a + 48w + 2@,8%’0)@, (29)
1 = . Qz
Jo = (b%w; — %)gl + (20w + Ziﬁw% + b(l)Q)gg + (2a+ 4pw + 2zﬁ%)gg, (30)
1 ] ) z . 0z
Ty = (- %)gz + (20w + ww% 1 B35)g3 + (20 + 4w + zw%m, (31)
(32)
_ 0 1 ip .n Qo 0 . ,4z
J, = (b12w6 — E)gn_l + (2aw + Qzﬂw; + b19)gn + (2a + 4Bw + 21,6’?)9”.5_1, (33)
where
v, = iadlg]® + BS(dia — 4" ¢a),
Wy = iags — B(que + 26]q|%q).

Here p and Ji(k = 1,2,3,...) are the conserved densities and conserved fluxes, respectively.
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Finally let us present the conservation laws for some particular cases:
i) If « =1, =0 in the equations (24)-(33) than we can receive conservation laws for SMBS

i
p1 = —55!ql2,
p2 = —i(iqqurwIQI ),
i, .
ps = —5(~dna+(d*)? - waia),
and
Ji = (iblq]w +in) + (2w + ige)g1 + 292,
1 .
Jo = (qua? - ;p)gl + (2w + iqz) g2 + 293,
. 1 )
J3 = (quwg - ?)92 + (ZW + Z(Ja:)gzs + 294.

ii) If « = 0, 8 = 1 in the equations (24)-(33) than we can get the conservation laws for cnKdVMB
equations

i
p = —55IQI2,
51 _
P2 = —§(§Q;Q+zw\Q|2)7
i, .
ps = —5(=da+(d*)? - waia),
and
Ji = (0(qgqg—q qm)w+w)+(2lw;—qm—25\q! q)g1+(4w+2z;)gz,
1 , ,
= (gt 2P - f)m + <2zwq§ — o — 26]q%q)g2 + (4w + 2z%>g3,
1 , .
Ty = (s 2000 0 §>gz + <2zwq§ — oo — 281a%q)g3 + (4w + 22%”)%.

4. Conclusion

In the present paper, we construct infinitely many conservation laws for certain nonlinear
evolution equations such as Hirota-Maxwell-Bloch system, Schrodinger-Maxwell-Bloch system,
complex modified Korteweg de Vries-Maxwell-Bloch equations. The conservation laws were
received from the Riccati form of the Lax pair. The existence of infinitely many conservation
laws helpfully indicates the completely integrable property of these equations.
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