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Abstract. It is known that conservation law plays an important role in the study of nonlinear
evolution equations and namely to integrability and constants of motion. In this paper,
we construct infinitely many conservation laws for the Hirota-Maxwell-Bloch system and its
reductions with symbolic computation from the Riccati form of the Lax pair.

1. Introduction
Conservation laws appear in various areas of the applied sciences, such as quantum physics,
electromagnetism, plasma physics, physical chemistry, nonlinear optics [1-4]. For a nonlinear
equation existence of the infinitely many conservation laws has been claimed to be a definition
of the complete integrability [5, 6]. There are various methods [7] to compute conservation laws
of nonlinear partial differential equations. A prevalent approach depends on the link between
symmetries and conservation laws as stated in Noethers theorem [8-10].

In this work, we construct infinitely many conservation laws for the (1+1)-dimensional Hirota-
Maxwell-Bloch system (HMBS) and its reductions with symbolic computation from the Riccati
form of the Lax pair. The method that used in this paper was applied to several nonlinear
evolution equations in mathematical physics [11-15]. Hirota-Maxwell-Bloch system and its
reductions were studied in one and two dimensions [16-23]. Authors have found different kind
of solutions but research regarding on infinitely many conservation laws of HMBS has not been
presented in detail. Motivated by this reason we find the conservation laws for the (1+1)-
dimensional Hirota-Maxwell-Bloch system, the (1 + 1)-dimensional Schrodinger-Maxwell-Bloch
system (SMBS) and the (1 + 1)-dimensional complex modified Korteweg de Vries-Maxwell-Bloch
equations (cmKdVMB).

The paper is organized as follows. In Section 2, we present the (1+1)-dimensional HMBS
and its reductions. In Section 3, we construct infinitely many conservation laws for the (1+1)-
dimensional HMBS, SMBS, cmKdVMB. Conclusion is given in Section 4.
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2. The Hirota-Maxwell-Bloch system and its reductions
The (1+1)-dimensional Hirota-Maxwell-Bloch system reads as [17]

iqt + α(qxx + 2δ|q|2q) + iβ(qxxx + 6δ|q|2qx)− 2ip = 0, (1)

px − 2iωp− 2ηq = 0, (2)

ηx + δ(q∗p+ p∗q) = 0, (3)

where q, p are complex functions, η is real function, α, β, δ, ω are real constants and δ = ±1. The
symbol ∗ denotes the complex conjugate. The system of equations (1)-(3) admits the following
integrable reductions:

2.1. Case 1: α = 1, β = 0
The (1 + 1)-dimensional Schrodinger-Maxwell-Bloch equations result when α = 1, β = 0 [17]:

iqt + qxx + 2δ|q|2q − 2ip = 0, (4)

px − 2iωp− 2ηq = 0, (5)

ηx + δ(q∗p+ p∗q) = 0. (6)

2.2. Case 2: α = 0, β = 1
The (1 + 1)-dimensional complex modified Korteweg de Vriese-Maxwell-Bloch equations are
obtained for the choice α = 0, β = 1 [17]:

iqt + i(qxxx + 6δ|q|2qx)− 2ip = 0, (7)

px − 2iωp− 2ηq = 0, (8)

ηx + δ(q∗p+ p∗q) = 0. (9)

2.3. Case 3: α = 1, β = 1, p = 0, η = 0
The (1 + 1)-dimensional Hirota equations are obtained for the choice α = 1, β = 1, p = 0, η = 0
[17]:

iqt + (qxx + 2δ|q|2q) + i(qxxx + 6δ|q|2qx) = 0. (10)

3. Lax pairs and conservation laws
With the Ablowitz-Kaup-Newell-Segur scheme [1], the Lax pair associated with (1)-(3) can be
derived as

Ψx = AΨ, (11)

Ψt = ((2αλ+ 4βλ2)A+B)Ψ, (12)

where

Ψ =

(
Ψ1

Ψ2

)
,

A = −iλσ3 +A0,

B = λB1 +B0 +
i

λ+ ω
B−1,
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with

B1 = 2iβδ|q|2σ3 + 2iβσ3A0x,

A0 =

(
0 q
−r 0

)
,

B0 = (iαδ|q|2 + βδ(q∗q − q∗qx))σ3 +B01,

B01 =

(
0 iαqx − βqxx − 2βδ|q|2q

iαrx + βrxx + 2βδ|q|2r 0

)
,

B−1 =

(
η −p
−k −η

)
,

σ3 =

(
1 0
0 −1

)
,

and r = δq∗, k = δp∗, where δ = ±1. The compatible condition of system (11)-(12) is

At −Bx + [A;B] + (2αλ+ 4βλ2)Ax = 0,

by direct calculation of above equation, we can yield the (1+1)-dimensional HMBS (1)-(3).
Making use of Lax pair (11)-(12), the infinetely many conservation laws for (1)-(3) could be

derived. Introducing the function Γ = ψ2/ψ1 [24], we get the following Ricatti equation via Lax
pair (11)-(12):

Γx = −r + 2iλΓ− qΓ2. (13)

Expanding

Γ =
∞∑
j=1

gjλ
−jq−1 (14)

in (13) and equating the same powers of λ to zero, we have

g1 = − i
2
δ|q|2, (15)

g2 = − i
2

(g1,x −
qx
q
g1), (16)

g3 = − i
2

(g2,x −
qx
q
g2 − g21), (17)

. . . (18)

gj+1 = − i
2

(gj,x −
qx
q
gj −

j−1∑
k=1

gkgj−k), (j = 3, 4, 5...), (19)

where g1, g2 and gn are the functions of x and t.
From Lax pair (11)-(12), we have

ψ1,x

ψ1
= −iλ+ qΓ, (20)

ψ1,t

ψ1
= (2αλ+ 4βλ2)a11 + b11 + ((2αλ+ 4βλ2)a12 + b12)Γ. (21)
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Taking (20)-(21) into the compability condition (lnψ1)xt = (lnψ1)tx, we get

[−iλ+ qΓ]t = [(2αλ+ 4βλ2)a11 + b11 + ((2αλ+ 4βλ2)a12 + b12)Γ]x, (22)

where

a11 = −iλ,
a12 = q,

b11 = λiβδ|q|2 + iαδ|q|2 + βδ(q∗xq − q∗qx) +
i

λ+ ω
η,

b12 = λ2iβqx + iαqx − β(qxx + 2δ|q|2q)− i

λ+ ω
p.

Substituting (14) with (15)-(19) into (22), and collecting the coefficients of the same power of λ
after multiplying both sides of (22) by λ + ω, we obtain the infinitely many conservation laws
for the equations (1)-(3)

∂ρk
∂t

=
∂Jk
∂x

(23)

with

ρ1 = − i
2
δ|q|2, (24)

ρ2 = −δ
2

(
1

2
q∗xq + iω|q|2), (25)

ρ3 = g3 + ωg2, (26)

. . . (27)

ρn = gn + ωgn−1, (n = 4, 5, 6...) (28)

and

J1 = (b011ω + iη) + (2αω + 2iβω
qx
q

+ b012)g1 + (2α+ 4βω + 2iβ
qx
q

)g2, (29)

J2 = (b012ω
1

q
− ip

q
)g1 + (2αω + 2iβω

qx
q

+ b012)g2 + (2α+ 4βω + 2iβ
qx
q

)g3, (30)

J3 = (b012ω
1

q
− ip

q
)g2 + (2αω + 2iβω

qx
q

+ b012)g3 + (2α+ 4βω + 2iβ
qx
q

)g4, (31)

. . . (32)

Jn = (b012ω
1

q
− ip

q
)gn−1 + (2αω + 2iβω

qx
q

+ b012)gn + (2α+ 4βω + 2iβ
qx
q

)gn+1, (33)

where

b011 = iαδ|q|2 + βδ(q∗xq − q∗qx),

b012 = iαqx − β(qxx + 2δ|q|2q).

Here ρk and Jk(k = 1, 2, 3, ...) are the conserved densities and conserved fluxes, respectively.
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Finally let us present the conservation laws for some particular cases:
i) If α = 1, β = 0 in the equations (24)-(33) than we can receive conservation laws for SMBS

ρ1 = − i
2
δ|q|2,

ρ2 = −δ
2

(
1

2
q∗xq + iω|q|2),

ρ3 = − iδ
2

(−q∗xxq + (|q|2)2 − ωq∗xq),

and

J1 = (iδ|q|2ω + iη) + (2ω + iqx)g1 + 2g2,

J2 = (iqxω
1

q
− ip

q
)g1 + (2ω + iqx)g2 + 2g3,

J3 = (iqxω
1

q
− ip

q
)g2 + (2ω + iqx)g3 + 2g4.

ii) If α = 0, β = 1 in the equations (24)-(33) than we can get the conservation laws for cmKdVMB
equations

ρ1 = − i
2
δ|q|2,

ρ2 = −δ
2

(
1

2
q∗xq + iω|q|2),

ρ3 = − iδ
2

(−q∗xxq + (|q|2)2 − ωq∗xq),

and

J1 = (δ(q∗xq − q∗qx)ω + iη) + (2iω
qx
q
− qxx − 2δ|q|2q)g1 + (4ω + 2i

qx
q

)g2,

J2 = (−(qxx + 2δ|q|2q)ω1

q
− ip

q
)g1 + (2iω

qx
q
− qxx − 2δ|q|2q)g2 + (4ω + 2i

qx
q

)g3,

J3 = (−(qxx + 2δ|q|2q)ω1

q
− ip

q
)g2 + (2iω

qx
q
− qxx − 2δ|q|2q)g3 + (4ω + 2i

qx
q

)g4.

4. Conclusion
In the present paper, we construct infinitely many conservation laws for certain nonlinear
evolution equations such as Hirota-Maxwell-Bloch system, Schrodinger-Maxwell-Bloch system,
complex modified Korteweg de Vries-Maxwell-Bloch equations. The conservation laws were
received from the Riccati form of the Lax pair. The existence of infinitely many conservation
laws helpfully indicates the completely integrable property of these equations.
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